The combination of right-handed and left-handed materials offers the possibility to design devices in which the mean diffraction is zero. Such systems are encountered, for example, in nonlinear optical cavities, where a true zero-diffraction regime could lead to the formation of patterns with arbitrarily small sizes. In practice, the minimal size is limited by nonlocal terms in the equation of propagation. We study the nonlocal properties of light propagation in a nonlinear optical cavity containing a right-handed and a left-handed material. We obtain a model for the propagation, including two sources of nonlocality: the spatial dispersion of the materials in the cavity, and the higher-order terms of the mean field approximation. We apply these results to a particular case and derive an expression for the parameter fixing the minimal size of the patterns.
INTRODUCTION
Since the first realization of a left-handed metamaterial in the radio-frequency domain [1, 2] , the work by Veselago [3] on the optical properties of materials with negative permittivity and permeability has attracted a lot of attention and triggered substantial research activities. Most efforts have concentrated on the fabrication of these materials and the characterization of their linear properties [4] [5] [6] [7] [8] [9] [10] . Left-handed materials allow phase compensation in optical structures combining left-handed and righthanded materials; this has led to, e.g., imaging systems with subwavelength resolution [11] , photonic devices going beyond the diffraction limit [12] [13] [14] , and exotic applications including invisibility cloaks and perfect optical concentrators [15] [16] [17] .
A few authors have recently pointed out that lefthanded metamaterials can have a dramatic impact on the nonlinear propagation of light [18] [19] [20] [21] [22] . Systems involving a combination of metamaterials and nonlinear propagation could be used to improve telecommunication systems by lowering power thresholds [23] and increasing the data density [24] in optical memories.
In particular, it was shown recently that the combination of nonlinear and left-handed materials in an optical cavity allows the existence of a zero-diffraction regime [25] . Such a low-diffraction regime leads to the formation of sub-diffraction-limited dissipative structures [26, 27] . Although it is predictable that some physical limitation must forbid data to be stored in infinitely small spatial cells, as the writing in such cells would result in infinite power densities, the model that was used to predict the zero-diffraction regime does not provide information on these physical limitations. Nonlinear diffraction was already suggested by Boardman et al. as a possible limitation [28, 29] .
In this paper, we derive two other possible limitations. We consider the limitation that will arise from the nonlocal response of the material and that from the inherent nonlocal response of the optical feedback in the resonator. Making some assumptions on the symmetry properties of the metamaterial, we derive a model of the optical resonator that includes higher-order diffraction and diffusion terms.
In Section 2, we briefly review how metamaterials with spatial dispersion can be modeled from a macroscopic point of view, following the three-field approach of Agranovich [30, 31] . In Section 3, we study the propagtion in a nonlinear left-handed metamaterial in the framework of the slowly-varying-envelope approximation (SVEA). A simplified model is derived for materials exhibiting inversion and rotation symmetry around the propagation direction. The nonlocal terms coming from the mean-field approximation are introduced in Section 4 and studied in the low-power regime, where it is shown that the extended Lugiato-Lefever model, including a bi-Laplacian term, is a generalized version of the model already studied in [26] . magnetic susceptibilities [32, 33] . By considering the resulting model in the optical domain, the conclusion arises that the magnetic susceptibility must be equal to that in a vacuum [34] . This last point is questionable when different laboratories are manufacturing materials with a magnetic response in the optical domain [35] .
A partial answer to this apparent contradiction comes from the fact that the concepts of the displacement field and the magnetic field are valid in materials where charges are either free or bound to an atom. By moving with respect to the atom, the electron cloud will induce locally a dipole that accounts for the difference between the electric field and the displacement field. The response of the material can therefore be assumed to be local, and the description of classical textbooks is valid.
The nonlocal nature of the material response is also called "spatial dispersion." Its description requires a more general model than the E, D, B, H approach [36] . The inability of the EDBH model to describe some anisotropic media was already pointed out a few years ago [30] and has been repeated since then [37] . Very recently, new mathematical tools and methods to describe the macroscopic properties of metamaterials have been proposed [38, 39] . These methods are in agreement with the suggestion of [36] that a single susceptibility would better describe the electromagnetic properties of electromagnetic media.
Therefore, in this paper, we consider that the material response is given solely by the relation between the polarization vector P and the electric field E:
where the convolution product applies to the time t and the spatial coordinate r, ͑1͒ accounts for the linear component, and the nonlinear response P NL ͓E͔ will be detailed below. Because spatial dispersion is introduced in P, we can set the magnetic response of the medium M ϵ 0, or equivalently B = 0 H [30] .
NONLOCAL EFFECTS IN THE PROPAGATION EQUATION
The Maxwell's equations for the macroscopic fields E, B, and P in a medium without applied currents can be recast into the generalized wave equation
or, equivalently,
with ⌬ the three-dimensional Laplacian operator.
In the case of a local response in a centrosymmetric medium, the SVEA can be applied to transform Eq. (3) into a nonlinear Schrödinger equation (NLSE) with a cubic nonlinearity of the form ͉E͉ 2 E [40] . As our model is more general than the one contained in the cubic NLSE, we can expect that the SVEA will lead to a propagation equation with additional terms that should disappear when spatial dispersion is suppressed.
A. Complex Equation
The wave equation (3) is valid for real quantities. Introducing a carrier wave, E͑t,r͒ = a͑t,r͒cos͑ 0 t − k 0 r + ͑t,r͒͒, ͑4͒
with a and real functions, and the parameters 0 and k 0 to be fixed later, we rewrite the left-hand side of Eq. (3) in the form
with c.c. denoting the complex conjugate, and the obvious relation L =Re͓LWE͔. A last definition of A = ae i allows to rewrite the expression as
At this stage, the parameters of the carrier wave are not fixed. The particular case of k 0 = 0 = 0 corresponds to E = A. This shows clearly that the introduction of an envelope does not restrain the possible expressions for E. The linear properties of the material sustaining the propagation are completely described by ͑1͒ ͑t , r͒.
B. Equation for the Envelope
Until now, we introduced no hypothesis about the variations of A͑t , r͒, and we will pursue our calculation as far as possible without introducing further assumptions. In the last steps of our computation, we will assume that the variations of the envelope are slow with respect to the variations in the exponential factor:
Similarly, we find
In order to simplify the expressions of the convolution product appearing in Eq. (6), we introduce
and we denote the integration over space and time with brackets,
In this notation, the convolution product of Eq. (6) can be written as
This leads to the introduction of
which allows us to rewrite Eq. (6) in the form
͑14͒

C. Weak Temporal and Spatial Dispersion
Nonlocal and dispersive effects are contained in the last term of Eq. (14):
The convolution product can conveniently be written as
To go further, we must assume that the medium is weakly nonlocal and dispersive. This means that the response of the material will not last for a very long time, nor extend for a very broad volume. The integration in the convolution product can therefore be limited to small values of tЈ and rЈ.
As a first illustration, we consider the limiting case where nonlocality and dispersion disappear. In this particular case, the response of the medium is ͑1͒ ͑t , r͒ ϰ ␦͑t , r͒. As the convolution by a ␦ function is the identity operation, it is sufficient to know A͑t , r͒ in order to compute the convolution integral in ͑t , r͒.
In a more general case, the expression of A͑t − tЈ , r − rЈ͒ will be expanded in a Taylor series. For our purpose, this series can be limited to the second order. It would make no sense to compare tЈ and rЈ, as their units are different. Therefore, we replace the time coordinate t with = c 0 t. To keep the notation simple, we introduce 0 = 0 / c 0 , which will play the role of a frequency, and we define U͑ , r͒ = A͑t , r͒, and X 0 ͑ , r͒ = 0 ͑1͒ ͑t , r͒. Therefore
The first-order Taylor expansion of Eq. (16) is
Before going further, we simplify the zeroth-and firstorder terms as follows:
͑22͒
where we made the assumption that the susceptibility of the material is scalar, which is quite a strong assumption. The particular form of X 0 allows us to compute the different moments quite easily. We have
In a similar way, we find
The mean value ͗X 0 ͘ is straightforward to compute:
͑25͒
Now, we develop the convolution product in Eq. (16) up to the second order:
͑26͒
This expression contains information about the temporal and spatial dispersive properties of the material. The evaluation of these terms would require more information about the medium sustaining the propagation. In the case of a metamaterial, the methods presented in [37, 38] could be applied in order to calculate the macroscopic quantities, on the basis of the microscopic subwavelength structure.
D. Symmetries
For symmetry reasons, some coefficients appearing in Eq. (26) might be related, or zero. If the material is supposed to be isotropic, then ͑1͒ ͑t , r͒ must be invariant for any rotation, as well as for inversion. If the material admits, for example, cubic symmetry, ͑1͒ ͑t , r͒ should be invariant for any 90°rotation around a principal axis, for inversion, and therefore, for reflection with respect to a principal plane. By rewriting the electric field as an envelope modulated by a carrier wave, we have selected a particular orientation, namely, k 0 . If the material is not isotropic, but k 0 corresponds to some principal direction in the propagation medium, then some symmetry properties can still help to simplify Eq. (26) .
Below, we assume that k 0 is aligned in the z direction and that ͑1͒ admits inversion and reflection symmetries around the axis of the orthogonal basis ͑x , y , z͒. Therefore, which implies similar relations for X 0 ; hence
Finally, we rewrite the convolution product of Eq. (26) in the particular case where the properties along the x and the y directions are the same, so that ͗xЈ 2 X 0 ͘ = ͗yЈ 2 X 0 ͘, and
The last step before explicitly obtaining the left-hand side of wave equation (6) is to apply the differential operator of Eq. (18) to the simplified convolution product of Eq. (33) .
The result contains 18 terms that we order into 4 different categories: an algebraic term A, a term containing only time derivatives T, a term containing only spatial derivatives S, and a mixed term M:
Using Eqs. (23)- (25), and defining ␤ 0 = 0 n͑ 0 , k 0 ͒, we find
͑37͒
E. Slowly Variable Envelope
The Taylor expansion in Eq. (26) was valid for a weakly nonlocal medium. We should notice that this expansion is equally valid if we assume slow variations of the envelope in space and time, together with important nonlocality and dispersion. But, if we make this last assumption, the second term in Eq. (18) is one order smaller than the first one. With this in mind, the second-order expansion of
Further simplification is obtained if we limit these expansions to the first order. In this case, we find the classical NLSE. To get more insight into the nonlocal effects, we focus on the spatial second-order term. Therefore, we rewrite Eq. (6) as
͑42͒
It is now time to fix the value of k 0 . To avoid quickly varying phase factors, the obvious choice is k 0 = ␤ 0 . Furthermore, the classical SVEA implies ͉‫ץ‬A / ‫ץ‬z͉ Ӷ ‫ץ͉‬ 2 A / ‫ץ‬z 2 ͉, so that the only remaining spatial terms are
F. Comments
From the result obtained in Eq. (43), it is seen that in the stationary case, nonlocal terms do not change the nature of the propagation equation, but slightly modify the coefficients. This is probably the reason why nonlocal effects can be neglected to a certain extent, i.e., as far as the spatial dispersion presents sufficient symmetries, with respect to the direction of propagation. Now we turn back to our initial aim in this paper, which is to determine the physical limitations that will forbid writing information in infinitely small spatial cells. It appears that for small values of the spatial dispersion-for which a second-order expansion in the Taylor series fairly reflects the nonlocal behavior of the medium-the nature of the propagation equation is not modified by the nonlocality.
If all the above mentioned symmetries hold, and the input beam is continuous (T =0, M = 0), in the frame of the SVEA, a new term in the propagation equation appears at the fourth order in the Taylor expansion:
NONLOCAL EFFECTS IN THE MEAN-FIELD MODEL
The zero-diffraction regime can be obtained in different configurations [25, 41] . We consider here the case of twodimensional zero diffraction in a cavity filled with a lefthanded and a right-handed material, as studied in [25] .
In Fig. 1 , we present the geometry under consideration. By adjusting the relative thickness (l L and l R ) of the two materials (LHM and RHM), it is possible to cancel diffraction at each round trip, which leads to the zero-diffraction regime in two dimensions.
The mean-field model is explicitly obtained in the appendix of [25] . In particular, the propagation in each of the two materials is described with the help of a generalized NLSE, where care is taken to avoid the confusion between the refractive index and the impedance of the medium. In the mean-field approximation, the variation of the field over one round trip in the cavity is very small. As a result, the propagation equation of the form
where D is a linear differential operator and N a nonlinear operator, i.e.,
where is the nonlinear coupling coefficient between the forward ͑A͒ and the backward ͑B͒ waves. In [25] , this equation is integrated with the assumption that ␦ = O͑1͒, so that a first-order integration of Eq. (45) leads to
Here, we are concerned with the nonlocality that will apppear in the model. 
A. Low-Power Regime
We require that our model be valid at low power. In this limit, the diffraction term can be considered of first order, while the nonlinear term is of second order, i.e., D = O͑1͒ and N = O͑2͒. This assumption leads to
Together with the additional considerations of [25] , and Eq. (49), this result provides the nonlocal generalization of the Lugiato-Lefever equation:
͑51͒
in which we assumed a continuous pump beam and introduce the reduced quantities as in the appendix of [25] :
where F denotes de finesse of the cavity, Ј is the dimensionless time scale, E in is the reduced driving field, ⌬ is the detuning, ␦ is the effective diffraction coefficient, is the effective coefficient of spatial dispersion, and ⌫ accounts for the effective Kerr-type nonlinearity.
It is important to notice that the nonlocal term results from the contribution of two quantities with very different physical meanings: the spatial dispersion in the medium, and the second-order term in the mean-field approximation of the intracavity diffraction.
In particular, we observe that the real part of the biLaplacian term will asymptotically evolve to zero when the diffraction is reduced, while the imaginary contribution will dominate at this time and prevent the formation of infinitely small features, as shown in [26] .
The zero-diffraction regime is reached when ␦, as defined in Eq. (56), equals zero. Because k L Ͻ 0, this regime is obtained by tuning the relative thickness of the leftand the right-handed media, i.e., l L and l R . If the structure of the right-handed medium is of atomic size, then it is safe to set R = 0, so that
͑59͒
The sign of this parameter is of paramount importance in order to define the minimal size of the nonlinear patterns that can form in the cavity [26] . More precisely, in the vicinity of ␦ = 0, the parameter defining the dynamics was shown to be
B. Local Medium
The mean field equation (51) takes a particular form when the spatial dispersion of the material is negligible, i.e., when = 0. In this case, it is seen that both the Laplacian and the bi-Laplacian terms disappear in the zerodiffraction regime, where ␦ = 0. However, a simple analysis shows that close to this zero-diffraction regime, the biLaplacian term stabilizes the system. In particular, as could be expected from a physical point of view, the biLaplacian diffusion term induces a shrinking of the instability domains.
CONCLUSIONS
In this paper, we obtained a clear picture of the origin of nonlocal effects in cavities containing left-handed metamaterials. We studied separately the spatial dispersion in the material itself and the higher-order diffraction terms coming from the mean-field approximation leading to a slow-time description of the cavity dynamics.
The mean-field model was applied in the particular case of a cavity filled with both a left-handed and a righthanded material. Some assumptions on the symmetries of the materials together with the slowly-variable envelope approximation allowed for a simple description, in the form of a Lugiato-Lefever equation with an additional biLaplacian term with complex coefficient.
The model that we obtain provides an answer to the question of the physical limitations on the pattern formation beyond the first-order approximation of a zerodiffraction regime.
As the detailed derivation of our model was provided, different cases of practical interest could be studied by applying the right assumptions on the symmetries of the materials, or by computing their effective permittivity with the use of recent homogenization techniques [38, 39] .
In the example that we studied, we calculated the expression of the parameter / ␦, appearing in the limit case of [26] , where the authors predict the minimal size of dissipative structures in such cavities. The model derived here above could be studied in a similar way in other limiting cases in order to reveal the different possible dynamics in such cavities and also to find the best design parameters for a given application.
